Point and splat-based representations have become a suitable technique both for modeling and rendering complex 3D shapes. Converting other kinds of models as parametric surfaces to splat-based representations will allow to mix surface and splat-based models and to take advantage of the existing point-based rendering methods.
Introduction
Recently point-based models have caught the attention of the computer graphics community. The point primitive is simple and powerful and is becoming a serious rival of triangles [2] .
The aim of this work is the search of new algorithms to discretize parametric surfaces. The existence of efficient algorithms using splat representations make interesting a conversion algorithm from a parametric surface model to a splat model. A splat model presents two principal advantages in front of a triangular model: splat sets neither have the connectivity problems of triangle meshes nor the disadvantages of shape quality of triangles.
Moreover, a conversion algorithm from a parametric surface to a splat model allows to have a common representation for mixed scenes with parametric surfaces and genuine point-based models. Representing surfaces with a point-based model will also allow to locally modify zones of complex features and to take advantage of the existing point-based rendering methods and multi-resolution techniques [2] , [7] .
The presented approach converts a parametric surface to an elliptical splat-based representation. The algorithm covers the parametric space with a set of circular splats by applying an incremental method, based on the power Voronoi diagram. A similar problem that converts a parametric surface to a triangular mesh was solved in [13] , [12] . The set of circular splats covering the parametric space will have the following properties:
(1) each parametric splat centered at p, C(p), is projected to image space giving an elliptical splat E(p) centered at S(p), the image of p; (2) splats are admissible with a given tolerance , which means that, for any point x on the surface, there exists a point q ∈ E(p) in the splat representation such that xq < ; (3) the construction is curvature adaptive which allows to minimize the number of splats.
Related work
In this section, we present a brief introduction on point-based models (for a wider and deeper study see [2] , [7] ). There are two basic kinds of primitives: points [4] and splats. Splats [15] are associated with a normal vector and one radius (circular splats) or two radii (elliptical splats). Other approaches are based on smooth surfaces as the moving least-squares (MLS) [1] .
The high number of primitives given by acquisition systems can be reduced with point and splat-based [15] approaches. Direct manipulation of point-based models can be performed with the PointShop 3D tool [16] as well as deformations and Boolean operations [10] . Concerning rendering, points were considered as the basic display primitive [8] . There are also approaches to render splats [17] . As these models are complex, it is suitable to use hierarchical representations [11] , [4] as well as hardware based rendering [3] .
The presented approach is related to the approach in [15] . Both obtain an optimized set of ellipses that fully covers the initial set of points. Nevertheless, the differences between these two methods are greater than the similarities, since the input our method is a parametric patch and a tolerance vale, and the input of the approach in [15] is a set of points.
Admissible splats
Splats are, first, built in the parametric space of a given surface S, as disks centered at a parametric point, p = (u 0 , v 0 ). Parametric splats centered at p are mapped in the tangent plane of S(p) using the basis change given by the partial derivatives. By this transformation, circular splats become elliptical splats in the tangent plane. See 
The splat is said to be admissible, with error , if:
We use the fact that dist (S, E(u, v)) ≤ S(u, v) − E(u, v) to bound the distance from the splat to the surface. To bound the distance S(u, v) − E(u, v)
, the Taylor series approximation can be used,
where M uu (q) is the value of (
The previous bound gives a sufficient condition of admissibility for a splat centered at a parametric point p = (u 0 , v 0 ). In fact, an elliptical splat defined by the parametric disk C(p) is admissible, if the radius of C(p) is less than
In order to obtain a curvature dependent approximation of the surface, the bounds of the second derivatives are not computed globally. In fact, (p) gives a function defined in any parametric point. The previous bound says that to assure admissibility we have to take into account the function of all the points in the parametric splat. R(p) is defined in such a way that the circle centered at p with radius R(p) gives an admissible splat:
C p stands for the circle centered at p with radius (p) (see Fig. 2 right) . 
Splat coverage algorithm
Here we describe the method to approximate a rectangular patch by a set of admissible splats. It works in parametric space. To simplify, we suppose the patch parameterized in the unit square. We compute the R function sampling the patch in 16 × 16 parts and using bounds of the second order derivatives as in [12] . From the previous section, we can state that any circle, C(p) centered at p, with radius R(p) corresponds to an admissible splat.
The algorithm is incremental and given a small initial set of disks (the four corners of the unit square) it adds disks one by one to the set until the unit square is fully covered. See Fig. 3 for an overview of the method. Since a disk C(p) is determined by its center p (its radius is R(p)), instead of working with a set of disks we use a set of points, the set of the disk centers. This point set will be called B from now on.
The location of the new disks that we add to B is determined by using the Power Voronoi diagram of B, P V D(B). More precisely, using the PVD, a list of candidate points to be added in B is computed. The best candidate point, v, is selected from this list using an heuristic, and it is added to B. Next, the P V D(B) is updated, and this process is repeated until the unit square is totally covered by the set of disks associated to B. As it will be shown, thanks to the properties of the PVD and to the way candidate points are computed, the coverage end condition is equivalent to obtaining an empty candidate list. Neither the convergence nor the correctness of the algorithm do depend on the candidate point. Actually, the heuristic is only used to decrease the number of iterations, i.e., it minimizes the number of output disks.
Once the unit square is covered by the set of disks, the set of splats approximating the surface patch is obtained as the image of all the disks with centers on B, using the mapping presented in the previous section. Since all the splats are admissible and thanks to the coverage condition, we can ensure that, for any surface patch point, there is a point on a splat at a distance less or equal to . Furthermore, if we trim disks in parametric space partially outside the unit square, the distance condition also applies in the opposite sense, i.e., each point on a (trimmed) splat is at most at distance from some patch point.
To understand the algorithm we first have to review the properties of the PVD which are most relevant for it. The PVD is a Voronoi diagram of a set of points which uses the additively weighted power distance: given two points p , q ∈ 2 the distance from p to q is d W 2 (p, q) = pq 2 − w p , where w p is the weight of point p [9] . Although this distance in general is neither symmetric nor positive, we choose a weighted Voronoi diagram because we want our splat sizes to be adaptive to curvature. Besides, the PVD has the following properties: (1) tiles are polygons and the tile size is proportional to the weight; (2) the bisector of two points is such that, if the corresponding disks intersect, it passes through their intersection points, and if the disks are disjoint, the bisector separates them; (3) some points may be redundant with a corresponding empty tile; (4) the dual of the PVD is the so called Regular triangulation, a generalization of the Delaunay triangulation. We take w p = R(p) 2 .
The algorithm computes and updates P V D(B), i.e., weighted points are added one by one in the PVD. The PVD can be incrementally computed in a similar way as the usual Voronoi diagram [5] . Notice that we use the PVD to compute the parametric zone not already covered, to compute and select candidate points, and to grant the method is correct.
From the mentioned initial set of four points, B, the first P V D(B) is constructed. At each step, a new circle center is added to B and P V D(B) is locally updated. The selection of the next circle center uses the following rule. Let CS be the candidate list, defined as CS = V V + I V P − CV . V V and I V P stand for the set of Voronoi vertices and the set of intersection points between Voronoi edges and the unit square bounds, respectively, and CV stands for the set of already covered vertices belonging to the previous two sets (see Fig. 3, left) .
To prove the correctness of the method we have to prove that the unit square is fully covered if and only if CS = ∅, i.e., that each Voronoi tile falls inside its corresponding circle. This can be proved by the two following properties easily derived from the properties of the PVD given above: (1) if a point in a PVD edge belongs to one circle, it belongs to the two circles of the Voronoi tiles sharing the edge, and (2) if a PVD vertex belongs to a circle, it belongs to all the circles of the Voronoi tiles converging in it.
To prove the convergence, since the selected splats are always centered at zones not already covered, we will devise a finite bound for the number of splats placed in this way, ns. Considering the worst case, i.e., all the placed splats have the minimum admissible radius r min , any two points will be at a maximum distance of r min . Then, the number of disjoint circles with radius r min /2 that we can place centered at any point, nmin, which is an upper bound of ns, is also bounded by the area of the unit square (1.0) divided by the area of one such circle:
In order to minimize the number of disks, we use the following heuristic. For any x ∈ CS, we will consider its neighborhood, N(x) = {y | y ∈ S ∧ x ∈ V T (y)}, x ∈ CS. V T (y) stands for a Voronoi tile having y as a vertex (see Fig. 4 left) . Then, we will select the circle sx which fulfills: sx = max x∈CS {min{R(x), min y∈N(x) { xy − R(y)}}}. This expression can be interpreted in a geometric way: we associate to each candidate point a value corresponding to the maximum circle that does not overlap with its neighbors (see Fig. 4 right).
Results and discussion
The algorithm starts from a surface model in a standard format and generates a set of splats approximating the patches. The degree of approximation can be controlled by the value. Figure 5 shows an example of a NURBS surface in image and parametric space, with = 0.01 (which corresponds to the 0.3% of the diagonal of the bounding box of the patch), approximated by 1455 splats. Notice the splat size adaptation to the surface curvature. For a better representation of the patch boundaries, the elliptical splats have been trimmed against the edges of the unit square in parametric space.
To compute the PVD, we use the incremental regular triangulation algorithm described in [14] , and then we obtain the PVD as the dual graph of the triangulation. Incrementally computing the PVD accelerates the overall process in three ways. First, the PVD is updated with local changes, only edges around the new point must be updated. Second, the candidate set CS can be updated in a similar way adding new candidate points and removing those that no longer exist due to the new point inclusion. And third, adding a new point v into a regular triangulation implies locating the triangle where v lies and updating the triangulation with a series of swaps [5] . It is well known that point location is the most expensive step. But in our case, we are adding a point which is either a Voronoi point or the intersection of a Voronoi edge with the unit square bounds. Thus, we can start the search from the triangle whose Voronoi point we are adding, or from any triangle corresponding to the Voronoi edge intersected. Strategies like that are proved to drastically reduce the overall algorithmic complexity [6] .
A PVD may contain redundant points, i.e, points with no tile associated. A necessary condition for a point to be redundant in P V D(T ) is that its circle has to be contained in the union of other circles of T [9] . Our incremental process always adds new points that are non-redundant in the PVD, since candidates are centered at points not already covered. What could happen is that adding a new point to B other points previously added could become redundant. This circumstance can be corrected performing local checks near the point being added. Nevertheless, experimental results show that only in special cases a very small amount of redundant points is obtained (the curvature must strongly vary in short distances compared to ). Therefore, in practice no filter is performed to remove redundant points.
Differential geometry tells that splat-based representations are better than triangle meshes, since an ellipse is the best linear approximation of a smooth surface [7] . Admissibility bounds developed in this paper can be compared to curvature bounds for triangles as obtained in [12] : in parametric space, maximum edge length of an admissible triangle is at most 2/3 the radius of an admissible splat. These theoretical results indicate that more triangles are needed than splats to approximate a parametric surface, although splats overlap in parametric space, and triangles tessellate it.
We also have compared the used heuristic with two other strategies: (A) using no heuristic and (B) selecting the candidate with maximum R value. Our heuristic always reduces the number of splats: about a 10%, compared with (A) and a 5% compared to (B).
Future work
There are several open questions. We can guarantee the coverage of the parametric space but we have to study what will happen in the image space, specially in zones with large curvature. Besides, we want to study the possibility of enabling to displace the splats along the normal vector direction allowing them to cut the surface. This would require a different computation of the R function as the distance between the surface and the tangent plane will be defined in a different way.
